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Introduction Background: variations in incremental 4D-Var formulation

Control parameters, model state and data spaces are three key vector spaces 4D-Var system in incremental formulation can be expressed in a simple
on which a 4D-Var data assimilation system is constructed. Lorenc(2003) vector-matrix form as
showed that the 4D-Var on the control vector space can readily be interpreted (tangent linear) Constraints:
as cost function on the state vector space. The recent study by ElI Akkraoui 5x=Msc
and Gauthier (2010) revealed a clear connection between cost functions for .
the state vector space and data vector space and its consequence on the 6y=d—Hdx :observations
performance of the descent algorithms. In this study, we summarise the inter- where )
connections among the cost functions, their gradients and Hessian matrices of ’ d=y—-Gc¢, G=HM
a 4D-Var system written in the three vector spaces.

: forward model o sy=d—Goe

|. 4D-Var on control vector space:

| _
Cost function: J[dc|==6¢' Q 'Sc+

_1 .
5 2(Géc d)'R '(Géc—d)

Exact solution: 5ca:QGT(G QG'+ R)_1

here,
e Q=(5csc' ), R=(5ysy")

Two variations of 4D-Var formulations can be derived from equation (1)

ll. 4D-Var on state vector space:

Cost function: I[5x|= %5){ P 5x—|—2(H5x d)P'(H6x—d)

Exact solution: 6)(8‘:PHT(HPHT—I—R)_1

DANELE: P=(6x6x )=MQM"'

lll. 4D-Var on data vector space (PSAS):

Cost function: L[W]:%WT(S-I-R)_IW—WT(]

Exact solution: w'=(S+R)""

where, S=GQG' ' =HPH" :representer matrix (Bennett, 1992)

IV, JIwIF=IG'RV, Lw]f

+6'Q'G, A=P '+H'P'H, A,=S+R IV, I[w][’=|[H' RV _L|w]|

Ib[’=b"b, [bllz-=b"R'b
GQA QG =HPA,PH'=A R 'A -A

GQA'QG =A R 'G(A, R 'G)

HPA’PH'=A R 'H(AR 'H)
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